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Abstract. We prove hydrostatics of boundary driven gradient exclusion pro- 
cesses, Fick's law and we present a simple proof of the dynamical large devia- 
tions principle which holds in any dimension. 



1. INTRODUCTION 

Statical and dynamical large deviations principles of boundary driven interacting 
particles systems has attracted attention recently as a first step in the understanding 
of nonequilibrium thermodynamics (cf. OlTllHj and references therein). 

This article has two purposes. First, inspired by the dynamical approach to 
stationary large deviations, introduced by Bertini et al. in the context of boundary 
driven interacting particles systems [3] , we present a proof of the hydrostatics based 
on the hydrodynamic behaviour of the system and on the fact that the stationary 
profile is a global attractor of the hydrodynamic equation. 

More precisely, if p represents the stationary density profile and tt^ the empirical 
measure, to prove that tt^ converges to p under the stationary state we first 
prove the hydrodynamic limit stated as follows. If we start from an initial config- 
uration which has a density profile 7, on the diffusive scale the empirical measure 
converges to an absolutely continuous measure, 7r(t, du) = p(t, u)du, whose density 
p is the solution of the parabolic equation 

dtp^il/2)V-D{p)Vp, 

p(0,-)= 7(-), 
p{t,-)^b{-) onr, 

where D is the diffusivity of the system, V the gradient, b is the boundary condition 
imposed by the stochastic dynamics and T is the boundary of the domain in which 
the particles evolve. Since for all initial profile < 7 < 1, the solution pt is bounded 
above, resp. below, by the solution with initial condition equal to 1, resp. 0, and 
since these solutions converge, as i f 00, to the stationary profile p, hydrostatics 
follows from the hydrodynamics and the weak compactness of the space of measures. 

The second contribution of this article is a simplification of the proof of the 
dynamical large deviations of the empirical measure. The original proof [HI [9l [13] 
relies on the convexity of the rate functional, a very special property only fulfilled 
by very few interacting particle systems as the symmetric simple exclusion process. 
The extension to general processes [191 [iQl [6] is relatively technical. The main 
difficulty appears in the proof of the lower bound where one needs to show that any 
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trajectory At, < t < T, with finite rate function, /t(A) < oo, can be approximated 
by a sequence of smooth trajectories {A" : n > 1} such that 

A" — > A and /t(A") — > /t(A) . (1.1) 

This property is proved by approximating in several steps a general trajectory 
A by a sequence of profiles, smoother at each step, the main ingredient being the 
regularizing effect of the hydrodynamic equation. This part of the proof is quite 
elaborate and relies on properties of the Green kernel associated to the second order 
differential operator. 

We propose here a simpler proof. It is well known that a path A with finite rate 
function may be obtained from the hydrodynamical path through an external field. 
More precisely, if /t(A) < oo, there exists H such that 

/t(A) = dtj a{Xt)[VHt]^dx , 

where a is the mobility of the system and H is related to A by the equation 

r 9tA-(l/2)V-i?(A)VA - -V ■ [a(A)ViIt] . . 

\ H{t, •) = at the boundary . ^ ' ' 

This is an elliptic equation for the unknown function H for each i > 0. Note that 
the left hand side of the first equation is the hydrodynamical equation. Instead of 
approximating A by a sequence of smooth trajectories, we show that approximating 
-ff by a sequence of smooth functions, the corresponding smooth solutions of p.2p 
converge in the sense (jl.ip to A. This approach, closer to the original one, simplifies 
considerably the proof of the hydrodynamical large deviations. 

2. Notation and Results 

Fix a positive integer d> 2. Denote by fl the open set (—1, 1) x T''^^, where T*"' 
is the fc-dimensional torus [0, 1)*^, and by F the boundary of fi: F {(wi, ■ • • , Ud) G 
[-1,1] X T''-! : Ml = ±1}. 

For an open subset A of M x T'*"^, C™(A), 1 < m < +oo, stands for the space of 
m-continuously differentiable real functions defined on A. LetC™(A) (resp. C™(A)), 
1 < m < +0O, be the subset of functions in C''"(A) which vanish at the boundary 
of A (resp. with compact support in A). 

Fix a positive function ; F — > R+. Assume that there exists a neighbourhood 
V oi fl and a smooth function f] : V ^ (0,1) in C^iV) such that (3 is bounded 
below by a strictly positive constant, bounded above by a constant smaller than 1 
and such that the restriction of /3 to F is equal to b. 

For an integer N >1, denote by T^"^ = {0, . . . , iV - 1}''"\ the discrete {d - 1)- 
dimensional torus of length A^. Let ^In = {— A^+l, A^—1} xT^^ be the cylinder 
in Z'^ of length 2A^- 1 and basis T^"^ and let Fat = {(a;i, . ..,Xd)eZx T^"^ | xi = 
±{N — 1)} be the boundary of f^jv. The elements of f^Ar are denoted by letters x, y 
and the elements of by the letters m, v. 

We consider boundary driven symmetric exclusion processes on A config- 
uration is described as an element 77 in = {0,1}^", where ri{x) = 1 (resp. 
ri{x) = 0) if site x is occupied (resp. vacant) for the configuration 77. At the bound- 
ary, particles are created and removed in order for the local density to agree with 
the given density profile b. 
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The infinitesimal generator of this Markov process can be decomposed in two 
pieces: 

-Cat = Cnm + -C,Y,b . (2.1) 
where £jv,o corresponds to the bulk dynamics and CN,b to the boundary dynamics. 
The action of the generator Cn,o on functions / : Xj^ — > R is given by 

d 

i=l X 

where (ei, . . . , e^) stands for the canonical basis of K"^ and where the second sum 
is performed over all x € U'' such that x,x + ei € ^In- For x,y £ Qn, V^'^ is the 
configuration obtained from rj by exchanging the occupations variables r]{x) and 
r]{y): 

{V{y) iiz = x, 
T]{x) a z = y, 
r]{z) itz^x,y. 

For a > —1/2, the rate functions rx^x+eiiv) are given by 

rx,x+ei{v) = 1 + a{r]{x - Bi) + r]{x + 2ei)} 

if X — Ci, x + 2ei belongs to Ojv. At the boundary, the rates are defined as follows. 
Let X = {x2, ■ ■ , Xd) G T^^. Then, 

r(_;v+i,i),(-jv+2,i)(??) = 1 + a{r]{-N + 3,x) + b{-l,x/N)} , 

r{N-2,x),iN-i,x){v) = 1 + a{r]{N -3,x) + b{l,x/N)} . 

The non-conservative boundary dynamics can be described as follows. For any 
function f : Xn M., 

{£N,i,f) (ry) = Yl ^'(^' ^) - /(^)] ' 

where t/^ is the configuration obtained from rj by flipping the occupation variable 
at site x: 

x/ \ f fliz) ii z ^ X 

V (z) = i 1 / ^ -t 
^ ' I 1 ~ Vyx) it z = X 

and the rates C^{x, •) are chosen in order for the Bernoulli measure with density 
b{-) to be reversible for the flipping dynamics restricted to this site: 

C\{-N+l,x),T]) = 7]{-N+l,x)[l-b{-l,x/N)] 

+ [l-r]i-N + l,x)]bi-l,x/N), 
C''{{N-l,x),r]) = v{N-l,x)[l-b{l,x/N)] 

+ [1-V{N-I,x)]b{l,x/N), 

where x = {x2, • • • , Xd) S T^^, as above. 

Denote by {rjt ■ t > 0} the Markov process associated to the generator Cn 
speeded up by N^. For a smooth function p : f2 — > (0, 1), let I'^.^j be the BernouUi 
product measure on X^ with marginals given by 

u^^.^{v{x) = l)=p{x/N). 
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It is easy to see tliat tlic Bernoulli product measure associated to any constant 
function is invariant for the process with generator Cn,o- Moreover, if &(•) = b 
for some constant b then the Bernoulli product measure associated to the constant 
density b is reversible for the full dynamics Cn. 

2.1. Hydrostatics. Denote by /i^ the unique stationary state of the irreducible 
Markov process {rjt : t > 0}. We examine in Section [3] the asymptotic behavior of 
the empirical measure under the stationary state /i^. 

Let A4 = A^(ri) be the space of positive measures on il with total mass bounded 
by 2 endowed with the weak topology. For each configuration rj, denote by tt^ = 
7r^(?7) the positive measure obtained by assigning mass N~'^ to each particle of rj : 

where (5„ is the Dirac measure concentrated on u. 

To define rigorously the quasi-linear elliptic problem the empirical measure is 
expected to solve, we need to introduce some Sobolev spaces. Let L^(il) be the 
Hilbert space of functions G : C such that \G{u)\'^du < oo equipped with 
the inner product 

(G, J)2 = / G{u)J{u)du , 

where, for z G C, z is the complex conjugate of z and |zp = zz. The norm of L^(ri) 
is denoted by || • ||2. 

Let i7^(ri) be the Sobolev space of functions G with generalized derivatives 
du^G, . . . , du^G in L^(r2). H^{VL) endowed with the scalar product (•, •)! 2, defined 

by 

d 

(G, J)ia = (G, J)2 + ^(au^G, du,J)2 , 
j=i 

is a Hilbert space. The corresponding norm is denoted by |j • ||i_2. 

Let ip : [0, 1] — > R+ be given by (f{r) = r(l + ar), let Vp represent the gradient 
of some function p in H^{^1): Vp = {dmP, ■ ■ ■ , duj^p), and let || • || be the Euclidean 
norm: ||(wi, . . . jt'd)!!^ = J2i<i<d^i ■ ^ function p : ft ^ [0,1] is said to be a weak 
solution of the elliptic boundary value problem 

r A^{p) = onn, 

{ p = b onr, ^^■^> 

if 

(51) p belongs to H'^{n): 

/ II Vp{u) \\^du < 00 . 
Jn 

(52) For every function G e (n), 

f {AG)iu)ip{p{u))du^ f ip{b{u))niiu)idu,G){u)dS , 
Jn Jr 

where n=(ni, . . . , n,^) stands for the outward unit normal vector to the 
boundary surface F and dS for an element of surface on F. 
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We prove in Section [7] existence and uniqueness of weak solutions of (12. 2p . The 
first main result of this article establishes a law of large number for the empirical 
measure under /z^. Let fl = [—1,1] x T'*"^ and denote by i?^ expectation with 
respect to a probability measure fi. Moreover, for a measure m in A4 and a con- 
tinuous function G : il ^ M, denote by (m, G) the integral of G with respect to 
to: 



(m,G) 



G{u) m{du) 



Theorem 2.1. For any continuous function G : CI 



lim Ef"- 



G) 



G{u)p{u)du 



= 0, 



where p{u) is the unique weak solution of p.2[) . 

Denote by r_, r+ the left and right boundary of fi: 

r± = {("1, . . . , Ud) e I wi = ±1} 

and denote by Wx^x+en a;, x + G fijv, the instantaneous current over the bond 
{x^x + Ci). This is the rate at which a particle jumps from x io x + Ci minus the 
rate at which a particle jumps from x + to x. A simple computation shows that 

provided x — e^ andx-|-2ei belongs to ri^v- Here, hi x{ii) — ri{x) — ari{x + ei)ri{x — Ci) 
and Qi^xiri) = a-q{x - ei)r]{x). 

Theorem 2.2. (Pick's law) Fix -1 < u < 1. Then, 



lim Ef"- 



2N 



— W{[uN],y),{[uN] + Uy) 



ipibiv))S{dv) 



ip{b{v)) S{dv) . 



Remark 2.3. We could have considered different bulk dynamics. The important 
feature used here to avoid painful arguments is that the process is gradient, which 
means that the currents can be written as the difference of a local function and its 
translation. 

2.2. Dynamical large deviations. Fix T > 0. Let be the subset of Ai of all 
absolutely continuous measures with respect to the Lebesgue measure with positive 
density bounded by 1: 

M° = {n e M : 7r{du) = p{u)du and < p[u) < 1 a.e.} , 

and let D{[0,T], A4) be the set of right continuous with left limits trajectories 
TT : [0, T] M., endowed with the Skorohod topology. is a closed subset of M. 
and D([0,T],X°) is a closed subset oi D{[Q,T], M). 

Let VLt = (0,T) X f7 and = [0,r] x H. For 1 < TO,n < +oo, denote by 
C'"'"(riT) the space of functions G = Gt{u) : fir M with to continuous derivatives 
in time and n continuous derivatives in space. We also denote by C^'^lflx) (resp. 
C^i^T)) the set of functions in C™'"(f}7) (resp. C°°-°°{n^)) which vanish at [0, T] x 
r (resp. with compact support in Qt). 
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Let the energy Q : D{[0,T],M°) [0, oo] be given by 

Q{n)^y sup {2 [ dt{pudu^Gt)~ I dt [ G{t,ufdu\. 
~{Gec^(nT) ^ Jo Jo Jn 

For each G e Cl''^{nT) and each measurable function 7 : ^ [0, 1], let Jg 
JG,'r,T ■■ D{[0,T],M°) -> M be the functional given by 

Jaiir) = (ttt, Gt) ~ (7, Go) - C {TiudtGt) dt 



{^{pt),AGt)dt + [ dt [ ^{b)du,GdS 
Jo Jr+ 



- f dt f ^{b)du,GdS - I f {a{pt),\\VGt\\')dt, 
Jo Jr- ^ Jo 

where cr(r) = 2r(l — r)(l + 2ar) is the mobility and TTt{du) — pt{u)du. Define 

Jg ^ Jan.T ■■ Di[0,T],M) ^Rhy 



+00 otherwise . 



We define the rate functional It{-\i) ■ D{[0,T],M) [0, +00] as 

{sup {Jg{tt)} if Q{tt) < 00 , 
+00 otherwise . 

Theorem 2.4. Fix T > and a measurable function po : fl [0, 1]. Consider a 
sequence rj^ of configurations in associated to po in the sense that: 

lim (7r^(?7^),G) = / G{u)pn{u)du 

for every continuous function G : fl ^ M.. Then, the measure Q^n = FjjN {tt^)~^ 
on -D([0, T], A4) satisfies a large deviation principle with speed iV^ and rate function 
It{-\po)- Namely, for each closed set C C D{[0,T], A4), 

N^oo iV Tree 

and for each open set O C D{[0,T], A4) , 

lim ^logQ^«(e') > - inf /T(7r|po) • 

AT^oo Tree 

Moreover, the rate function It{-\po) 'i-s lower semicontinuous and has compact level 
sets. 

3. Hydrodynamics, Hydrostatics and Pick's law 

We prove in this section Theorem 12.11 The idea is to couple three copies of the 
process, the first one starting from the configuration with all sites empty, the second 
one starting from the stationary state and the third one from the configuration with 
all sites occupied. The hydrodynamic limit states that the empirical measure of 
the first and third copies converge to the solution of the initial boundary value 
problem (|3.ip with initial condition equal to and 1. Denote these solutions by 
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P(, p], respectively. In turn, the empirical measure of the second copy converges to 
the solution of the same boundary value problem, denoted by pt , with an unknown 
initial condition. Since all solutions are bounded below by and bounded above 
by p^, and since p^ converges to a profile p as t | oo, pt also converges to this profile. 
However, since the second copy starts from the stationary state, the distribution of 
its empirical measure is independent of time. Hence, as pt converges to p, po = p. 
As we shall see in the proof, this argument does not require attractiveness of the 
underlying interacting particle system. This approach has been followed in [18] 
to prove hydrostatics for interacting particles systems with Kac interaction and 
random potential. 

We first describe the hydrodynamic behavior. For a Banach space (B, || • ||b) 
and T > we denote by L'^{[0,T],M) the Banach space of measurable functions 
[/ : [0, T] ^ B for which 



\ur 



L2([0,T],B) 



[ WUtWldt < oo 

-'0 



holds. 

Fix T > and a profile po: fl ^ [0,1]. A measurable function p : [0,T] x J7 ^ 
[0, 1] is said to be a weak solution of the initial boundary value problem 

dtp = Aip{p) , 

p(0,-)= Po(-), (3.1) 
p(t,-)|p= b{-) ioiO<t<T , 

in the layer [0, T] x if 
(HI) p belongs to {[0,T], H^{n)): 

'^'5 ( / II ^^(s;^^) ll^cJ'") < ; 

J o 

(H2) For every function G = Gt{u) in Co'^(riT), 

du {Gt{u)p(T,u) - Go{u)po{u)} - ds du {dsGs){u)p{s,u) 
o Jo Jn 

ds [ du{AGs){u)^{p{s,u)) - [ ds [ ^{b{u))ni{u){du,Gs{u))dS . 
Jn Jo Jr 

We prove in Section [7] existence and uniqueness of weak solutions of (|3.ip . 

For a measure p on Xj^, denote by P,, = the probability measure on the 
path space £'(M_(.,XAr) corresponding to the Markov process {rjt : t > 0} with 
generator N'^Cn starting from p, and by expectation with respect to P^. Recall 
the definition of the empirical measure tt^ and let tt^ = (rjt): 

Theorem 3.1. Fix a profile po : ft ^ (0, 1). Let p^ be a sequence of measures on 
Xiq associated to po in the sense that : 

lim (7r^,G)- / G(u)po(u)du > s] =0, (3.2) 
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for every continuous function G : Q M. and every S > 0. Then, for every t > 0, 



where p{t,u) is the unique weak solution of p.ip . 

The proof of this result can be found in [12 . Denote by the probability 
measure on the Skorohod space D([O^T], A4) induced by the stationary measure 
fj,^ and the process {7r^(?7t) : < t < T}. Note that, in contrast with the usual 
set-up of hydrodynamics, we do not know that the empirical measure at time 
converges. We can not prove, in particular, that the sequence converges, but 
only that this sequence is tight and that all limit points are concentrated on weak 
solution of the hydrodynamic equation for some unknown initial profile. 

We first show that the sequence of probability measures 

{Qss : > 1} is weakly 

relatively compact: 

Proposition 3.2. The sequence {Q^, N > 1} is tight and all its limit points Q*^ 
are concentrated on absolutely continuous paths Tr{t, du) — pit, u)du whose density 
p is positive and hounded above by 1 ; 



The proof of this statement is similar to the one of Proposition 3.2 in (TB] and 
is thus omitted. Actually, the proof is even simpler because the model considered 
here is gradient. 

The next two propositions show that all limit points of the sequence {Q^ : 
> 1} are concentrated on absolutely continuous measures Tr{t,du) — p{t,u)du 
whose density p are weak solution of (|3.ip in the layer [0,T] x J7. Denote by 
At C -D([0, T], 7W°) the set of trajectories {p{t, u)du : < t < T} whose density p 
satisfies condition (H2) for some initial profile po- 

Proposition 3.3. All limit points Q*^ of the sequence {Q^, > 1} are concen- 
trated on paths 7r(i, du) = p{t, u)du in At ■ 



The proof of this proposition is similar to the one of Proposition 3.3 in [16j . 
Next result states that every limit point Q*j, of the sequence {Q^, A^ > 1} is 
concentrated on paths whose density p belongs to L^([0, T], i7^(r2)) : 

Proposition 3.4. Let Q*^ he a limit point of the sequence {Q^, N > 1}. Then, 



The proof of this proposition is similar to the one of Lemma A. 1.1 in |24j. We 
are now ready to prove the first main result of this article. 

Proof of Theorem 12. li Fix a continuous function G : 17 ^ R. We claim that 





q:,{^t} = 1 . 




hm i;^™ 



(7r,G) - {p{u)du,G)\ = . 
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Note that the expectations are bounded. Consider a subsequence Nk along 
which the left hand side converges. It is enough to prove that the limit vanishes. 
Fix T > 0. Since /i^ is stationary, by definition of Q^*" , 



{7T,G) - {p{u)du,G)\ 



= Q 



Nk 



{7TT,G)-{p{u)du,G)\ 



Let Q*g stand for a limit point of {Q^*" ; fc > 1}. Since the expression inside the 
expectation is bounded, by Proposition 13. 3[ 



lim 

k—>oo 



Nk 



7TT,G)-{p{u)du,G)\\ = Q:,[\{TrT,G)~{p{u)du,G)\l{AT} 

< iigi|ooq:J||p(t,.)-p(-)||i1Mt} 



where || ■ |ji stands for the L^{^1) norm. Denote by p°(-, •) (resp. p^{-, ■)) the weak 
solution of the boundary value problem (|3.1|1 with initial condition p(0, •) = (resp. 
p(0, •) = !). By Lemma [7.41 each profile p in At, including the stationary profile 
p, is bounded below by p'^ and above by p^. Therefore 



hm Et"'^ 



{n,G) - {p{u)du,G)\ < \\G\U\\p"{T,-)-p\T,-)\l 



Note that the left hand side does not depend on T. To conclude the proof it remains 
to let T 1 oo and to apply Lemma l7.6l □ 

Pick's law, announced in Theorem l2.21 follows from the hydrostatics and elemen- 
tary computations presented in the Proof of Theorem 2.2 in [14j . The arguments 
here are even simpler and explicit since the process is gradient. 



4. The rate function It{-\i) 

We examine in this section the rate function It{-\^)- The main result, presented 
in Theorem 14.61 below, states that It{'\j) has compact level sets. The proof relies 
on two ingredients. The first one, stated in Lemma 14. 2i is an estimate of the 
energy and of the norm of the time derivative of a trajectory in terms of the 
rate function. The second one, stated in Lemma [4.51 establishes that sequences of 
trajectories, with rate function uniformly bounded, which converges weakly in 
converge in fact strongly. 

We start by introducing some Sobolev spaces. Recall that we denote by C^{il) 
the set of infinitely differentiable functions G : ^ K, with compact support in 
fi. Recall from subsection 2.1 the definition of the Sobolev space H^{n) and of 
the norm || • ||i^2- Denote by -ffo(il) the closure of C^(Jl) in H^{il). Since fl is 
bounded, by Poincare's inequality, there exists a finite constant Ci such that for 
all G G H^in) 

d 

\\G\\l < Gi||9„,G||2 < GiJ2{du,G , du,G)2 . 
This implies that, in ^^o(ri) 

^ 1 /2 

||G||i,2.o = {j2{du,G , d^^Gh} 
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is a norm equivalent to the norm || • ||i_2- Moreover, i?o(r2) is a Hilbert space with 
inner product given by 

d 

{G, J) 1,2.0 = ^(9u,G, du^J)2 . 

To assign boundary values along the boundary F of to any function G in 
H^{Vl), recall, from the trace Theorem ([22], Theorem 21. A. (e)), that there exists a 
continuous linear operator B : i7^(ri) ^^(r), called trace, such that BG = G|p 
if G G H^{fl) n C{il). Moreover, the space HQ{n) is the space of functions G in 
H^{n) with zero trace ([22], Appendix (48b)): 

H^{n) = {G G H\n) : BG^O} . 

Since C°°{n) is dense in H^{n) ([22], Corollary 21. 15. (a)), for functions F, G in 
H^{Q), the product FG has generalized derivatives dui{FG) = Fd^G + Gd^F in 
L^{n) and 



F{u)du,G{u)du + / G{u)du^F{u)du 

' r (4.1) 

= / BF{u)BG{u)du - / BF{u)BG{u)du. 

Moreover, ifG E H^{Q), f e C^(R) is such that /' is bounded, then /oG belongs to 
H^{n) with generalized derivatives du {f °G) = {f o G)du G and trace B{f oG) = 
fo{BG). 

Finally, denote by H^^{il) the dual of i/g(r2). i/^^(il) is a Banach space with 
norm || • given by 



sup \2{v,G)-i,i- \\yG{u)\\'du 

where {v, G)_i,i stands for the values of the linear form v at G. 

For each G G C^{^t) and each integer 1 < i < d, let Qf : ^([O, T], A1") ^ M 
be the functional given by 

Qfiir) ^2 [ dt {iTudu^Gt) - f dt f du G{t, u)^ , 
Jo Jq Jn 

and recall, from subsection 2.2, that the energy Q(7r) was defined as 

d 

Q(7r)=VQ,(^) with Q,(7r)= sup Q.f (tt) . 
^ GeC»(nT) 

The functional is convex and continuous in the Skorohod topology. Therefore 
Qi and Q are convex and lower semicontinuous. Furthermore, it is well known that 
a measure TT{t,du) = p{t,u)du in D{[0,T],M) has finite energy, Q{n) < oo, if and 
only if its density p belongs to L'^{[0,T], H^{Q)), in which case 

Q{n) / dt [ du ||Vpt(u)|p < oo 



and Q(7r) = Q(7r). 

Let Dj = Dj^b be the subset of G{[0,T],M^) consisting of all paths Tr{t,du) = 
p{t,u)du with initial profile p(0, •) = 7(-), finite energy Q(7r) (in which case pt 
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belongs to H^{n) for almost all < i < T and so B{pt) is well defined for those t) 
and such that B{pt) = b for almost all t in [0, T]. 

Lemma 4.1. Let n be a trajectory in D{[0,T], M.) such that lT(Tr\"f) < oo. Then 
n belongs to Dj. 

Proof. Fix a path tt in D{[0,T], A4) with finite rate function, /r(7r|7) < cx). By 
definition of It, tt belongs to D{[0,T], M'^). Denote its density by p: n{t,du) — 
p{t, u)du. 

The proof that p{0, •) — 7(-) is similar to the one of Lemma 3.5 in [4]. To prove 
that B{pt) = b for almost all t G [0, T], since the function (p : [0, 1] ^ [0, 1 + a] is a 

diffeomorphism and since B{(p o p^) — ip{Bpt) (for those t such that pt belongs 
to H^{^)), it is enough to show that B{ip o pi) — ip{b) for almost all t e [0, T]. To 
this end, we just need to show that, for any function H± G C^'^([0,T] x T±), 

dt [ du{B{Lp{pt)){u)~(p{b{u))}H±{t,u) ^ 0. (4.2) 



'r± 

Fix a function H e C^''^{[0,T] x r_). For each < 6* < 1, let /le : [-1, 1] ^ M be 
the function given by 

{r + l if-l<r<-l + 6', 
ii-l + e<r<0, 
if < r < 1 , 

and define the function Gg : fir ^ M as G{t, {ui,u)) = he{ui)H{t, (— for all 
u £ T''"^. Of course, Gg can be approximated by functions in Cg'^(r2T). From the 
integration by parts formula (14. 1|) and the definition of Jcg , we obtain that 

lim JGa(^) = / dt [ du {B{p{pt)){u) - ^{b{u))} H{t,u) , 
Jo Jr_ 

which proves (|4.2p because /T(7r|7) < oo. 

We deal now with the continuity of tt. We claim that there exists a positive 
constant Co such that, for any g G C^(il), and any < s < r < T, 

IK,.g)-(^.,5)l < Co(r-s)i/2{/T(^|7) + ||g|lUo + (^-s)V2||Ag||i} . (4.3) 

Indeed, for each (5 > 0, let : [0, T] — > R be the function given by 



(r-s)^/V^(i) = 



ifO<t<sorr + (5<i<T, 
\is<t<s + 5, 

1 a s + 5 <t <r , 
l-t-^ iir <t <r + 6 , 



and let G^{t,u) = i/{t)g{u). Of course, G can be approximated by functions in 
Co'^(riT) and then 

{r - sY''^ li-m Jc^ii:) = (tt^ , 5) - (tt^ , g) - / dt {ip{pt), Ag) 



2(r-s)i/2 



dt{a{pt),\\^9f). 
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To conclude the proof, it remains to observe that the left hand side is bounded by 
(r — s)^/^/t(7I'|7), and to note that a are positive and bounded above on [0, 1] 
by some positive constant. □ 

Denote by L'^{[0,T\,HI{Vl))* the dual of L'^{[0,T],HI{Vl)). By Proposition 
23.7 in [22, L^{[0,T],Hl(n))* corresponds to L^{[0,T],H-^{Vl)) and for v in 
L2([0, TlHliSl))*, G in L^{[Q, T],H^m, 

((f,G))_i,i = / {vt, Gt) ^1.1 dt , (4.4) 

where the left hand side stands for the value of the linear functional v at G. More- 
over, if we denote by |||w|||-i the norm of v, 

llblll-i - f \\vt\Wdt. 
Jo 

Fix a path 7r(i, du) = p{t, u)du in and suppose that 

sup (2 / dt{pudtHt)~ [ dt [ du\\VHt\\^} < oo. (4.5) 
Hec^inr) ^ Jo Jo Jn -* 

In this case dtp : G'^{Q.t) K defined by 

dtp{H) = - [ {pt,dtHt)dt 
Jo 

can be extended to a bounded linear operator dtp : L^([0, T], 77g (17)) K. It 
belongs therefore to L'^{[Q,T], Hl{n))* = L'^{[Q,T],H-^{n)). In particular, there 
exists V = [vt : Q < t <T} in L'^{[Q,T],H-^[n)), which we denote by = dtpt, 
such that for any H in ^^([o, T],H}^{n)), 

= / {dtpt, Ht) -1,1 dt . 
Jo 

Moreover, 

Jo 

= sup (2/ dt{pt,dtHt)- [ dt [ du\\VHt\\^} . 
-HGC~(Ot) ^ Jo Jo Jn 

Let W be the set of paths n{t,du) = p{t,u)du in Dj such that (|4.5p holds, 
i.e., such that dtp belongs to ([0, T], ^-^(f^)) . For G in ([0, T], i7oi(f7)) , let 
Jg : ly — > R be the functional given by 

JG(7r) = {{dtp,G))-i,i+ f dt ( duVGt{u)-V{^{pt{u))) 

Jo Jn 

- ]: I dt ( dua{pt{u))\\WGt{u)\\\ 
^ Jo Jn 

Note that Ig{t^) — JaiT^) for every G in C^{nT)- Moreover, since J.(7r) is contin- 
uous in L2 {[0,T],H^{n)) and since C^I^t) is dense in Co'^(n^) and in L^{[0,T], 
i?Q(r2)), for every tt in W, 

/j.(7r|7) = sup Jg(^) = sup Jg(7'') ■ (4.6) 
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Lemma 4.2. There exists a constant Co > such that if the density p of some 
path Tr{t,du) = p(t,u)du in Z?([0, T], yVf*^) has a generalized gradient, \7p, then 

CdtWdtptWl, < Co{/T(7r|7) + QW} , (4.7) 
Jo 

I dtjdJ^^p^ < Co{/T(7r|7) + l} , (4.8) 
Jo Jn X[Pt{u)) 

where x(r) = r(l — r) is the static compressibility. 

Proof. Fix a path TT{t,du) — p{t,u)du in D{[0,T], Ai'^). In view of the discussion 
presented before the lemma, we need to show that the left hand side of (|4.5p is 
bounded by the right hand side of (|4.7p . Such an estimate follows from the definition 
of the rate function It{-\j) and from the elementary inequality 2ab < Aa^ + A^^b^ . 

We turn now to the proof of (|4.8p . We may of course assume that /T(7r|7) < oo, 
in which case Q(7r) < oo. Fix a function f3 as in the beginning of Section (5] For 
each S > 0, let : [0, 1]^ ^ R be the function given by 

h\x, = (. + 5) log + (1 - . + 6) log (y^) . 

By gJl), dtp belongs to L^{[0,T], H-'^{n)). We claim that 

/ dt{dtpt,d,h'{pt,f3)) -1,1 = / h'{p^{u),(3{u))du 
Jo Jn 

- [ h\poiu),P{u))du. (4.9) 
Jn 

Indeed, By LemmaOand gH), p-(3 belongs to ([0, T],H^{n)) and dt{p - 
j3) = dtp belongs to L^([0, T],H-'^{n)). Then, tjiere exists a sequence {G" : n > 1} 
of smooth functions G" : VIt — >■ M such that G" belongs to C'^{Q) for every t in 
[0, T], G" converges to in L2([o, T], ^^^(r^)) and 5tG" converges to dt{p~P) in 
L2([0,r],ff-i(f])) (cf. [H], Proposition 23.23(ii)). For each positive integer n, let 
G" = G" + /3 and for each 5 > 0, fix a smooth function :M? ^M. with compact 
support and such that its restriction to [0, 1]^ is . It is clear that 

[ dt{dtG'^,d,h\Gl\(3)) = [ y{GUu),P{u))du 
Jo Jn 

- [ h\G^{u),P{u))du. (4.10) 
Jn 

On the one hand, dxh^ '■ [0, 1]^ M is given by 

Hence, d.^h^{p,(3) and dxh^{G'\(3) belongs to {[0,T], H^{n)) . Moreover, since 
d^h^ is smooth with compact support and G" converges to p in L'^{[0,T], H^{i})), 
dJi^{G'\l3) converges to dxh^{p,P) in L^{[0,T], H^{n)). From this fact and since 
9tG" converges to dtp in L^{[Q, T], H^^{n)), if we let n oo, the left hand side in 
(|4.10p converges to 

/ dt {dtpt,dxh\pt,p)) -1,1. 
Jo 
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On the other hand, by Proposition 23.23(ii) in 22J, Gg, resp. G^, converges to 
po, resp. pT, in L^(ri). Then, if we let n oo, the right hand side in ()4.10p goes 
to 

/ h^{p^{u),P{u))du- f h\poiu),(3{u))du, 
Jn Jn 

which proves claim (|4.9[) . 

Notice that, since /3 is bounded away from and 1, there exists a positive constant 

C = C{(3) such that for 5 small enough, 

h\p{t,u),(3{u)) <C foraU {t,u) in H^. (4.11) 

For each (5 > 0, let : VIt ^ M be the function given by 



2(1 + 25) 



A simple computation shows that 



J^.(7r) > r dt{dtpuHf)_^^ + ^ r dt [ du^'iptiu))^^^^^^ 

4 Jn Xs[Pt[u)) 







/ dt duas{pt{u) r ' , 

^"'o Jn xs{p(u)) 

where Xi(r) = {r + S){1 — r + S) and as{r) = 2xs{t)(p' (r). This last inequality 
together with (14. 9|) . (14. 6|) and ()4.1ip show that there exists a positive constant 
Co = Go(/?) such that for S small enough 



Go{/T(7r|7) + l}> dt du , ,^ ... 

Jn Xs[p[t,u)) 

We conclude the proof by letting 5 [Q and by using Fatou's lemma. □ 

Corollary 4.3. The density p of a path TT{t,du) — p{t,u)du in D{[0,T], Ai'^) is 
the weak solution of the equation (|3.ip with initial profile 7 if and only if the rate 
function It{t^\j) vanishes. Moreover, in that case 

dt / du " \ < 00 . 



xiPtiu)) 

Proof. On the one hand, if the density p of a path 7r(t, du) — p{t, u)du in £'([0, T], A4°) 
is the weak solution of equation (|3.1|) . by assumption (HI), the energy Q(7r) is fi- 
nite. Moreover, since the initial condition is 7, in the formula of Jg(t^), the linear 
part in G vanishes which proves that the rate functional It{t^\j) vanishes. On the 
other hand, if the rate functional vanishes, the path p belongs to i^([0, T], H^{il)) 
and the linear part in G of £0(71") has to vanish for all functions G. In particular, 
p is a weak solution of (|3.1[) . Moreover, in that case, by the previous lemma, the 
bound claimed holds. □ 

For each q > 0, let Eg be the level set of /T(7r|7) defined by 

E, = {tt e D{[0,T],M) : lT{7r\j) < q} . 

By Lemma |4T] Eg is a subset of G([0, T], A^°). Thus, from the previous lemma, it 
is easy to deduce the next result. 
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Corollary 4.4. For every q > 0, there exists a finite constant C{q) such that 



sup 



Next result together with the previous estimates provide the compactness needed 
in the proof of the lower semicontinuity of the rate function. 

Lemma 4.5. Let {p" : n > \\ he a sequence of functions in L'^{Q,t) such that 
uniformly on n, 

" dtM\\i,+ 1 dt\\dtpn\<c 

Jo 

for some positive constant C. Suppose that p G L^{flT) and that p"^ ^ p weakly in 
LF'[VIt). Then pn p strongly in L'^{VLt). 

Proof Since H^{Vl) C L^{n) C H-^{n) with compact embedding H^{Vl) L^{n), 
from Corollary 8.4, [3T] , the sequence {pn} is relatively compact in ( [0, T] , (fi)) . 
Therefore the weak convergence implies the strong convergence in L^{[0, T], L^(r2)) . 

□ 

Theorem 4.6. The functional /7'(-|7) is lower semicontinuous and has compact 
level sets. 

Proof. We have to show that, for all q > 0, Eg is compact in D{[0,T],M). Since 
Eg c C{[0,T],M°) and C([0,T],7W°) is a closed subset of D([0,r],X), we just 
need to show that Eg is compact in C([0, T], A^°). 

We will show first that Eg is closed in C([0, T], A4°). Fix 9 e M and let {tt" : 
n > 1} be a sequence in Eg converging to some tt in C{[0,T], A4°). Then, for all 
GeC(rv), 

lim / dt{TTl\Gt)^ I dt{Trt,Gt). 
"-*°°Jo Jo 

Notice that this means that tt" ^ tt weakly in L^{ilT), which together with Corol- 

larv l4.4l and Lemma 33] imply that tt" — > tt strongly in L'^{^It)- From this fact and 

the definition of Jg it is easy to see that, for all G in Co'^(riT), 

lim Jg (7r„) = Jg{t^) ■ 

n — >QC 

This limit, CoroUarv 14.41 and the lower semicontinuity of Q permit us to conclude 
that Q(7r) < C{q) and that /T(7r|7) < q. 

We prove now that Eg is relatively compact. To this end, it is enough to prove 
that for every continuous function G : $1 ^ M, 

lim sup sup |(7rr,G) - (7r,.,G)| = 0. (4.12) 

"S^OTrGB, 0<s,r<T 
r — s| <S 

Since Eg C G([0, T], A^°), we may assume by approximations of G in L^{^) that 
G e C^{n). In which case, (l4J2l) follows from □ 

We conclude this section with an explicit formula for the rate function Ix{-\'y). 
For each TT{t,du) = p{t,u)du in D{[0,T],M^), denote by H^{a{p)) the Hilbert 
space induced by Cl''^{ilT) endowed with the inner product (•, ■)a(p) defined by 



(i7,G),(,) = / dt {a{pt),\7Hf\/Gt 
Jo 
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Induced means that we first declare two functions F, G in Cq''^{Q.t) to be equivalent 
if {F — G,F — G)„(^pj — and then we complete the quotient space with respect to 
the inner product (•, •)ct(p)- The norm of H}^{a{p)) is denoted by || • |lo-(p)- 

Fix a path p in D([0,T],A1°) and a function H in Hl{a{p)). A measurable 
function A : [0,T] x ^ [0,1] is said to be a weak solution of the nonlinear 
boundary value parabolic equation 

'dt\ = A(^(A) - ^ti {'^Wdu^H) , 
A(0,-) = 7, (4.13) 
_A(t, Olr = b for < i < T. 
if it satisfies the following two conditions. 
(HI') A belongs to {[Q,T], H^{n)): 

ds(^ I II VA(s,u) W^duj < oo ; 

(H2') For every function Git,u) = Gt(u) in Cl'^{Th), 

du{GT{u)p{T,u) - Go{uh{u)} - [ ds [ du {dsGs){u)X{s,u) 
n Jo Jn 

ds [ du{AGs){u)ip{X{s,u)) - f ds f ^{b{u))ni{u){du,Gs{u))dS 
Jn Jo Jr 

ds [ du a{X{s,u))\/Hs{u) -S/Gsiu) . 
Jn 

In Section [7] we prove uniqueness of weak solutions of equation (I4.13P when H 
belongs to {[Q,T], H'^{n)) , i.e., provided 



I dt [ du \\\/Ht{u)\\^ < oo. 
Jo Jn 



Lemma 4.7. Assume that TT(t,du) ~ p{t,u)du in _D([0, T], A^°) has finite rate 
function: /T(7r|7) < oo. Then, there exists a function H in HQ{a{p)) such that p 
is a weak solution to (j4.13p . Moreover, 

^T(7r|7) = ^||i?||^(p). (4.14) 

The proof of this lemma is similar to the one of Lemma 5.3 in [13 and is therefore 
omitted. 

5. /t(-|7)-Density 

The main result of this section, stated in Theorem l5.31 asserts that any trajectory 
At, < i < r, with finite rate function, /7^(A|7) < oo, can be approximated by a 
sequence of smooth trajectories {A" : n > 1} such that 

A" — > A and /t(A"|7) — > /t(A|7) . 

This is one of the main steps in the proof of the lower bound of the large deviations 
principle for the empirical measure. The proof reposes mainly on the regularizing 
effects of the hydrodynamic equation and is one of the main contributions of this 
article, since it simplifies considerably the existing methods. 
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A subset A of D{[0, T],M) is said to be /T(-|7)-dense if for every tt in D{[0, T],M) 
such that /T(7r|7) < oo, there exists a sequence {tt" : n > 1} in A such that tt" 
converges to tt and It{t^"'\^) converges to /T(7r|7). 

Let Hi be the subset of D{[0,T], AA*^) consisting of paths Tr{t,du) — p{t,u)du 
whose density p is a weak solution of the hydrodynamic equation (j3.ip in the time 
interval [0, S] for some S > 0. 

Lemma 5.1. The set Hi is It {-Ij)- dense. 

Proof. Fix 7r(i, du) = p{t, u)du in I?([0, T],M) such that /T(7r|7) < oo. By Lemma 
l4Jl TT belongs to C([0, T], For each (5 > 0, let be the path defined as 

{\{t,u) \iQ<t<5, 
X{2S~t,u) ii6<t<25, 
p{t - 2(5, u) if 2(5 < t < T , 

where A is the weak sohition of the hydrodynamic equation (|3.ip starting at 7. 
It is clear that ■K^[t,du) — p^[t,u)du belongs to I?^, because so do tt and A and 
that Q(7r^) < Q{-k) + 2Q(A) < 00. Moreover, -k^ converges to tt as (5 | be- 
cause TT belongs to C([0, T], A^). By the lower semicontinuity of /t(-|7), /T(7r|7) < 
lim ^_.n It(tt^ Then, in order to prove the lemma, it is enough to prove that 
It{tt\j) > lima^o ^T(7r'^|7). To this end, decompose the rate function It{tt^\j) as 
the sum of the contributions on each time interval [0,(5], [6,26] and [25, T]. The 
first contribution vanishes because tt* solves the hydrodynamic equation in this 
interval. On the time interval [(5,2(5], dtpf — —dt\25-t = —^'^{^2S-t) — —^v[Pt)- 
In particular, the second contribution is equal to 

sup (2/ ds j duV^{X)-VG-]- j ds HAt),||VGt||2)| 
GGC^'^(n7) ^ Jo Jn ^ Jo ^ 

which, by Schwarz inequality, is bounded above by 

ds f d^^'(A)J'^^"' 



Jn 



X(A) ■ 

By CoroUarv 14.31 this last expression converges to zero as (5 | 0. Finally, the 
third contribution is bounded by It {t^Ij) because TT^ in this interval is just a time 
translation of the path tt. □ 

Let 112 be the set of all paths tt in Hi with the property that for every 6 > 
there exists e > such that e<7rf(-)<l — e for all t G [6, T]. 

Lemma 5.2. The set II2 is lT{-\^)-dense. 

Proof. By the previous lemma, it is enough to show that each path ■n{t, du) = 
p{t,u)du in Hi can be approximated by paths in 112. Fix tt in Hi and let A be as 
in the proof of the previous lemma. For each < e < 1, let = (1 — e)p + eA, 
TT^{t,du) = p^{t,u)du. Note that Q{tt'^) < 00 because Q is convex and both Q{tt) 
and Q{X) are finite. Hence, tt^ belongs to since both p and A satisfy the 
boundary conditions. Moreover, It is clear that tt^ converges to tt as e J. 0. By the 
lower semicontinuity of It (•[7), in order to conclude the proof, it is enough to show 
that 

li^ /T(7r^|7) < /T(7r|7) . (5.1) 

AT— >oo 



18 



J. FARFAN, C. LANDIM AND M. MOURRAGUI 



By Lemma 14.71 there exists H E HI{(t{p)) such that p solves the equation 
(|4l3l) . Let P = a[p)VH - V(^(p) and P^ = -V(^(A). For each < e < 1, let 
P^ (1 - e)P + eP^. Since p solves the equation (|47T3| . for every G G Cl''^(p^), 

[ dt (P?, VGt) = (TTf,, Gt) - (TTg, Go) - / «, a^Gt) . 
Jo Jo 

Hence, by (|4.6|) . 7^(71^17) is equal to 

sup \ [ dt [ {P^ + V(^(p")} • VGdu - ^ / / (7(p")||VGf duj . 
G6C(; "(?i7) Jo Jo 2 Jo Jo 

This expression can be rewritten as 



o 



- iinf I / dt I E1±Z^(4_^(^^W ,J 

Hence, 



2 Jo Jo ct(p^) 
In view of this inequality and (I4.14p , in order to prove , it is enough to show 
that 

hm Cdt [ dJ^^l±^^du . Cdt [ . 
^^OJo Jo cr(P^) Jo Jo cr(p) 

By the continuity of (^', a and from the definition of P"^, 

||P^ + Vv.(p^)|p ||P + Vy(p)f 
lim r = 

s^o a{p^) a{p) 

almost everywhere. Therefore, to prove (|5.ip . it remains to show the uniform 
integrability of 

Since /T(7r|7) < 00, by (liHl) and CoroUaryS;! the functions 

J^^^j and belong to L^{il,T)- In particular, the function 

llVpf llVAlp- 



g = max 



X{p) ' ' x{p) ' 

also belongs to L^lflx)- By the convexity of || • |p an the concavity of x(-). 



"^"2 (l-£)||P||2+e||P.I|2 



Xip') - (1 - e)x{p) + ex{\) 

IIP^II^ 

which proves the uniform integrability of the family " , ]\ . The uniform integra- 

bility of the family ^^J^^^^j follows from the same estimate with Vp^, Vp and VA 
in the place of P^, P and Pa, respectively. □ 

Let H be the subset of H2 consisting of all those paths tt which are solutions of 
the equation (|4.13p for some H G Cl'^^ilr)- 
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Theorem 5.3. The set 11 is lT{-\^)-dense. 

Proof. By the previous lemma, it is enough to show that each path vr in 112 can 
be approximated by paths in 11. Fix Tr{t,du) — p{t,u)du in 112. By Lemma [4.71 
there exists H 6 H}^{(t{p)) such that p solves the equation (|4.13p . Since tt belongs 
to 112 C Hi, p is the weak solution of (|3.ip in some time interval [0,2^] for some 
(5 > 0. In particular, S/H = a.c in [0, 25] x £7. On the other hand, since tt belongs 
to Hi, there exists e > such that e < 7rt(-) < 1 — e for (5 < t < T. Therefore, 

dt I ||Vi7t(u)f < oo. (5.2) 



Since H belongs to Hl{a{p)), there exists a sequence of functions {i?" : n > 1} 
in Cq' {^t) converging to H in Hl{a{p)). We may assume of course that = 

in the time interval [0,(5]. In particular. 



lim f dt I du\\\IH^{u)-VHt{u) 
Jo Jn 



|2 



= 0. (5.3) 



For each integer n > 0, let p" be the weak solution of (|4.13[) with i/" in place of 
H and set n"'{t,du) — p'^{t,u)du. By (|4.14p and since a is bounded above in [0, 1] 
by a finite constant, 

/T(7r"|7) = 1 r dt {a{p-), I|ViJrf) < Co f dt j du \\WH-{uW . 
^ JQ Jo Jn 

In particular, by (|5.2p and (|5.3|1 . /T(7r"|7) is uniformly bounded on n. Thus, by 
Theorem 14.61 the sequence tt" is relatively compact in D{[0,T],M). 

Let {tt"'' : /c > 1} be a subsequence of tt" converging to some 7r° in £'([0, T] , Ai'^). 
For every G in Cl'^{Th), 

(7^?^GT)-(7,Go)- r dt{7T^\dtGt)= dt {^{p"^"), AGt) 



- f dt f ^{b)m{du,G)dS ~ ( dt {a{p^),\/H^'' -WGt) . 
Jo Jr Jo 

Letting fc — > cx) in this equation, we obtain the same equation with tt" and H in 
place of tt"*" and -ff , respectively, if 

lim r dt{^{p1^),AGt) = r dt{^{p'i),AGt) , 



k—'oo 



.T ^ .T (5-4) 

lim / dt (a(p;''=), Viir" • VGt) = / dt (a(p?), \7Ht ■ VGt) . 

k^°°Jo Jo 

We prove the second claim, the first one being simpler. Note first that we can 
replace iJ"'' by H in the previous limit, because cr is bounded in [0, 1] by some 
positive constant and (|5.3|1 holds. Now, p"* converges to p° weakly in L^{^t) 
because tt"* converges to 7r° in D([0, T], A^"). Since /T(7r"|7) is uniformly bounded, 
by CoroUarv 14.41 and Lemma [4.51 p"*" converges to p^ strongly in L^iyir) which 
implies (|5.4p . In particular, since (|5.2p holds, by uniqueness of weak solutions of 
equation (|4.13|) . 7r° = tt and we are done. □ 
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6. Large deviations 

We prove in this section the dynamical large deviations principle for the empirical 
measure of boundary driven symmetric exclusion processes in dimension d > I. The 
proof relies on the results presented in the previous section and is quite similar to 
the original one presented in [15l[9]. There are just three additional difhculties. On 
the one hand, the lack of explicitly known stationary states hinders the derivation of 
the usual estimates of the entropy and the Dirichlet form, so important in the proof 
of the hydrodynamic behaviour. On the other hand, due to the definition of the rate 
function, we have to show that trajectories with infinite energy can be neglected 
in the large deviations regime. Finally, since we are working with the empirical 
measure, instead of the empirical density, we need to show that trajectories which 
are not absolutely continuous with respect to the Lebesgue measure and whose 
density is not bounded by one can also be neglected. The first two problems have 
already been faced and solved. The first one in |T71 0] and the second in [T^ H]. 
The approach here is quite similar, we thus only sketch the main steps in sake of 
completeness. 

6.1. Superexponential estimates. It is well known that one of the main steps 
in the derivation of the upper bound is a super-exponential estimate which allows 
the replacement of local functions by functionals of the empirical density in the 
large deviations regime. Essentially, the problem consists in bounding expressions 
such as (V,/^)^jv in terms of the Dirichlet form {—N"^ Cm f , f) . Here y is a 
local function and (•, ■) indicates the inner product with respect to the invariant 
state fj,^^. In our context, the fact that the invariant state is not known explicitly 
introduces a technical difficulty. 

Let (3 be as in the beginning of section 2. Following [T7], [3], we use ^ as 

reference measure and estimate everything with respect to I'p^.y However, since 
z^^.j is not the invariant state, there are no reasons for {~N^CNf,f),yN^^ to be 
positive. The next statement shows that this expression is almost positive. 
For each function / : Xn R, let 

where the second sum is carried over all x such that x, a; + G ■ 
Lemma 6.1. There exists a finite constant C depending only on (3 such that 

{N'Cn^oL < -—DnM) + CN'^if, /).«^ , 

for every function f : Xn ^ R. 

The proof of this lemma is elementary and is thus omitted. Further, we may 
choose (3 for which there exists a constant 9 > such that: 

/3(mi,u) = 5(-l,u) if -l<ui<-l + 6', 

/3(ui, u) = 6(1, ii) if 1 - < Ml < 1 , 

for all u G T'*"^. In that case, for every N large enough, i/^^ is reversible for the 
process with generator £jv,6 and then {—N'^CN,bf, f)^^ is positive. 
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This lemma together with the computation presented in [2J, p. 78, for nonre- 
versible processes, permits to prove the super-exponential estimate. For a cylinder 
function denote the expectation of ^' with respect to the Bernoulli product mea- 
sure by ^(a): 

— N 

4- (a) = E"" . 

For a positive integer I and a; G f^Ar, denote the empirical mean density on a box 
of size 2^-1-1 centered at x by rf {x) : 

1 



where 

A,(a;) = Ajv,;(a;) = {y G r^Ar : \y~x\<l}. 
For each G £ C{VIt), each cylinder function and each e > 0, let 



J2Gis,x/N) \T,^i7j)~^irj-''ix)) 



where the sum is carried over all x such that the support of t^'^ belongs to fl^. 
For a continuous function iJ : [0, T] x F ^ M, let 

where F^, resp. F^, stands for the left, resp. right, boundary of ^n'- 



N 



and where 



V^{x,ri) 



{(^1 



77(2;) 



,Xd)^TN ■■Xi^±{N -I)} 



X ± ei 
N 



ri{x =F ei) - 5 



X ±ei 
N 



Proposition 6.2. Fix G E C{Qt), H in C([0,T] x F), a cylinder function and 
a sequence {rj^ ■ N > 1} of configurations with rj^ in Xn ■ For every 5 > 0, 

i-T 



lim lim — 7 

£^0 Af^oo N'^ 



lim -:77P„i^ 



logP^. 







w, 



N,H' 



N,6 

> S\ = -00 



> s 



= —00 . 



For each e > and tt in A^, denote by ^e(7r) = tt^ the absolutely continuous 
measure obtained by smoothing the measure tt: 

E,{n){dx) = n%dx) = ^^^^^^ dx , 

where Ai;{x) — {y & ^ ■ \y — x\ < e}, \A\ stands for the Lebesgue measure of the 
set A, and {U^ : e > 0} is a strictly decreasing sequence converging to 1: C/g > 1, 
Us > Ue' for e > e', lim^j^o — 1. Let 



^e[TT ) 
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A simple computation shows that tt^'"^ belongs to M'^ for N sufficiently large 
because Ue > 1, and that for each continuous function H : fl ^ R., 



where 0{N,£) is absolutely bounded by Co{N^^ + e} for some finite constant Cq 
depending only on H . 

For each H in CQ'^(fiT) consider the exponential martingale A//^ defined by 



H 



exp 



1 

Recall from subsection 2.2 the definition of the functional Jh- An elementary 
computation shows that 



M" = exp 



(6.1) 



In this formula, 



E 

i=l 



dl.H.hi 



N.i 



s, Tjs) ds- 



N.i 



{s,r]s)ds 



the cylinder functions hi, gi are given by 

hriv) = ry(0) + a|r/(0)[?7(-e,) + ?7(e«)] - ry(-e,)?7(eO} , 
ffj(?7) = ''0,6, (f?) [?7(ej) - ^/(O)]^ ; 

and c'jj : M+ R, = 1, 2, are functions depending only on H such that 
CjLf(^) converges to as 5 J, 0. In particular, the martingale is bounded by 
exp {C(i?, r)A^''} for some finite constant C{H,T) depending only on H and T. 
Therefore, Proposition O holds for = P,^nM^ in place of P^«. 

6.2. Energy estimates. To exclude paths with infinite energy in the large devi- 
ations regime, we need an energy estimate. We state first the following technical 
result. 

Lemma 6.3. There exists a finite constant Co, depending on T, such that for 
every G in C^(J7t), every integer 1 < i < d and every sequence {rj^ : A^ > 1} of 
configurations with r]^ in Xm , 



lim — -T log E„jN 



exp ■ 



[n" I (^f,c'„,G)}] < Co{l+ /" WGtWldty 



The proof of this proposition is similar to the one of Lemma A. 1.1 in [14]. 

Fix throughout the rest of the subsection a constant Co satisfying the statement 
of Lemma 16.31 For each G in C'^{^t) and each integer 1 < i < d, let Qf : 
D([0, T], A/J) ^ R be the function given by 



dt (TTt, a„,Ct) - Co / dt du G{t, u) 
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Notice that 

Q.(7r) 

Gec~(nT) 

Fix a sequence {Gk : fc > 1} of smooth functions dense in L'^{[Q, T], H^{n)). For 
any positive integers r, I, let 

Br.i = Itt e i:>([0,r],A^) : max Qf'in) < l] . 

L l<k<r J 

l<i<d 

Since, for fixed G in C'^{nT) and 1 <i <d integer, the function Qf is continuous, 
Br, I is a closed subset of £>([0, T], X). 

Lemma 6.4. There exists a finite constant Cq, depending on T, such that for any 
positive integers r,l and any sequence {r]^ ■ N > 1} of configurations with rj^ in 

IW -LlogQ „[(B,.;)-]<-/ + C0. 

Proof. For integers 1 < fc < r and 1 < i < d, by Chebychev inequality and by 
Lemma [ 



Hence, from 



Qf" > I 



<-l + Co. 



J™ ^ log(aAr + 6a,) < max | lim logajv, Jim logfojv \ , (6.3) 
we obtain the desired inequality. □ 

6.3. Upper Bound. Fix a sequence {Fk : fc > 1} of smooth nonnegative functions 
dense in C{il) for the uniform topology. For fc > 1 and 6 > 0, let 

Dk^s = [ne D{[0, T],M) : < {nt,Fk) < Fk{x) dx + GkS , < t < 

where Ck — ||VFfc||oo and VF is the gradient of F. Clearly, the set Dk.s, k > 1, 
(5 > 0, is a closed subset oi D{[0,T], M). Moreover, if 

rn 

Em,S = P) Dk,S , 
k=l 

we have that D{[0,T], M") — n„>i n„i>i Em xjn- Note, finally, that for all m > 1, 
(5 > 0, 

TT^'^ belongs to i?„i,5 for N sufficiently large. (6.4) 



logP,« [tt^ e A] = logE,« [Mf (Aff )-i l{7r^ e A}] 



Fix a sequence of configurations {jf^ : -/V > 1} with r\^ in Xjq and such that 
7r^(?7^) converges to ^{u)du in A^. Let A be a subset of £'([0, T], A^), 

i^logP,« [,r^eA]=i-^ 

Maximizing over tt^ in A, we get from (|6.ip that the last term is bounded above 

by 

- mf Jh(^^) + ^logE,« [m# e-^'^«.^] - 4(e) - cj,{N-') . 
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Since tt^ {rj'^) converges to ^{u)du in Ai and since Proposition [621 holds for = 
P^iv in place of P^n , the second term of the previous expression is bounded 
above by some Ch{£,N) such that 

li^ Ih^^ CH(e,N) = 0. 
Hence, for every e > 0, and every H in Cl'^{flT), 

IS logP,« [A] < - inf Mn') + , (6.5) 

where lim C'fj(e) = 0. 

For each H e Cg'^(OT), each £ > and any r,l,m,n G Z+, let j^'^™-" : 
D{[0, T], A^) ^ R U {oo} be the functional given by 

\Jh{t^^) if TT e n i?m i/„ , 

I +00 otherwise . 

This functional is lower semicontinuous because so is Jh ° and because Br^i, 
Em,i/n are closed subsets of D{[0,T],A4). 

Let O be an open subset of D{[0,T],M). By LemmaEH (gSl), (HH) and (|63)) . 

J™ 4d <5r," [C] < max I lim log Q^w [O Ci Br,i n £;,„,i/„] , 

lim^^logQ,«[(S..)l} 



< max • 



where 

In particular, 

^ Q,," [O] < - sup inf L^'f (tt) . 

Note that, for each H £ CQ'^(riT), each e > and r, l,m,n Z+, the functional 
jjrj^,m,n jgwcr scmicontinuous. Then, by Lemma A2.3.3 in [13] . for each compact 
subset K. of D([0,T],X), 

j™ log Q'?" [^] ^ - i^t ^ff;r'"W- 

By (inSl) and since D([0,r],X") = n„>i n™>i £;,„,i/„, 
lim lim lim lim lim L^''™'"(7r) = 

e — >0 / — *oo r — >oo m — 'OO n — >oo ' 

fjffW if Q(7r)<ooand7rei:'([0,T],7W0), 
1 +00 otherwise . 

This result and the last inequality imply the upper bound for compact sets because 
Jh and Jh coincide on i3([0, T], TW). To pass from compact sets to closed sets, 
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we have to obtain exponential tightness for the sequence {Q^™}. This means that 
there exists a sequence of compact sets {/C„ ■ n > 1} in D{[0,T],M) such that 

The proof presented in [T] for the non interacting zero range process is easily adapted 
to our context. 

6.4. Lower Bound. The proof of the lower bound is similar to the one in the con- 
vex periodic case. We just sketch it and refer to [13], section 10.5. Fix a path tt in 11 
and let H £ Cq' (rir) be such that tt is the weak solution of equation (|4.13p . Recall 
from the previous section the definition of the martingale A//^ and denote by 
the probability measure on D{[0,T],Xn) given by P^«[A] = E^n[M^1{A}]. Un- 
der and for each < t < T, the empirical measure ir^ converges in probability 
to TTj. Further, 

where H{fj,\h') stands for the relative entropy of fi with respect to v. From these 
two results we can obtain that for every open set O C D{[0,T], Ai) which contains 

lim -i^logP^«[0] >-/T(7r|7). 
The lower bound follows from this and the /T(-|7)-density of 11 established in The- 



7. Existence and uniqueness of weak solutions 

We prove in this section existence and uniqueness of weak solutions of the bound- 
ary value problems (|2.2p and (|3.ip . as well as some properties of the solutions. We 
start with the parabolic differential equation. 

Proposition 7.1. Let pQ : CI [0, 1] be a measurable function. There exists a 
unique weak solution of p.ip . 

Proof. Existence of weak solutions of p.ip is warranted by the tightness of the 
sequence proved in Section [S] Indeed, fix a profile po : ^ [0, 1] and consider 
a sequence {^^ : AT > 1} of probabihty measures in A4 associated to pq in the 
sense p.2p . Fix T > and denote by the probability measure on ^([O, T], A^) 
induced by the measure /i^ and the process . Repeating the arguments of 
Section [HI one can prove that the sequence {Q^ : > 1} is tight and that any 
limit point of {Q^ : > 1} is concentrated on weak solutions of (|3.2p . This proves 
existence. Uniqueness follows from Lemma [72] below. □ 

Denote by || • ||i the L^{fl) norm. Next lemma states that the L^(r2)-norm of 
the difference of two weak solutions of the boundary value problem p.ip decreases 
in time: 

Lemma 7.2. Fix two profiles Pq, Pq : fl —> [0, 1]. Let p^ , j = 1, 2, be weak solutions 
of p.ip with initial condition Pq . Then, \\pl—p'^\\i decreases in time. Ln particular, 
there is at most one weak solution of p.ip . 
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Proof. Fix two profiles Pq, pg : fl ^ [0,1]. Let p-', j = 1, 2, be weak solutions of 
()3.ip with initial condition p^. Fix < s < t. For 6 > small, denote by Rs the 
function defined by 

Rs{u) = ^1{|^I<'5} + {\u\-S/2)l{\u\>S}. 

Let ip ^ R+ be a smooth approximation of the identity: 

> , supp V C [-1, 1]'* , J V'(w) = 1 . 

For each positive e, define V'e as 

Taking the time derivative of the convolution of pi with ip^, after some elementary 
computations based on properties (HI), (H2) of weak solutions of p.ip . one can 
show that 



duRs(^p^{t,u) — p^it^u)) ~ I duRs{p^{s,u) — p^{s,u)) 
= -6-' f dr [ du\/{p' ^ p') ■ {^'{p')\/p' - ^'{p')\7p'} , 

Js J As 

where As stands for the subset of [0, T]x{l where \p^{t, u) — p^{t, u)\ < 6. We may 
rewrite the previous expression as 

-6-' f dr I du^'{p')\\y{p^~p^)f 



5-' dr du{ip'{p')-^'{p')}Vip'-p').\7p' 



uu^f yp J - ^fj yp jj v[^p -pj-vp'^ 

I As 

Since p^ , p^ are positive and bounded by 1 , there exists a positive constant cq 
such that Co < ip'{p^ {t, u)). The first line in the previous formula is then bounded 
above by 



-coS-^ f dr f du\\V{p^ ^p^ 

J s J As 



On the other hand, since if' is Lipschitz, on the set As, \ip'{p^) ~ (p'{p'^)\ < M\p^ — 
p^l £ MS for some positive constant M. In particular, by Schwarz inequality, the 
second line of the previous formula is bounded by 



2l|2 



S^^MA j dr I du\\V{p^-p^)f + SMA-^ I '^'^ I '^^II^P' 

J s J As J s J As 

for every A > 0. Choose A = M^^ca to obtain that 

/ duRs[p^{t,u) — p'^{t,u)) — / du Rs [p^ {s , u) — p'^ {s , u)) 
Jn Jn 

< Sc^^M^ dr J dullVp^f . 

Letting (5 J, 0, we conclude the proof of the lemma because Rs{-) converges to the 
absolute value function as 5 | 0. □ 
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Lemma 7.3. Fix two profiles p^, : — > [0,1]. Let pp , j = 1, 2, be weak 
solutions of (14.131) for the same H satisfying (|5.2p and with initial condition p^. 
Then, — ||i decreases in time. In particular, there is at most one weak solution 
of pTT5| when H satisfies ((5?2)l . 

Proof. Following the same procedure of the proof of the previous lemma, we get 
first 



duRs(^p^{t,u) — p^{t,u)) / du Rs [p^ {s , u) — p^ {s , u)) 
= -S-^ fdr j d«V(pi-p2).{^'(pi)Vpi-(p'(p2)Vp2} 

Js JAs 

-S-^ f dT f du{a{p^)-a{p^)}W(p^-p^)-VH , 

Js JAs 



and then 



duRs{p^{t,u) — p^{t,u)) — / du Rs [p^ {s , u) — p'^ {s , u)) 

< SCi dT J du\\yp^\\^ + SC2 dT J duWVHf , 

for some positive constants Ci and C2. Hence, letting (5 | we conclude the proof 
of the lemma. □ 



The same ideas permit to show the monotonicity of weak solutions of p.l|) . This 
is the content of the next result which plays a fundamental role in proving existence 
and uniqueness of weak solutions of 



Lemma 7.4. Fix two profiles p\, p§ : — ^ [0,1]- Let fp , j = 1, 2, he the weak 
solutions of iS. 1]) with initial condition p^. Assume that there exists s > such 
that 

A{m e f7 : p^{s,u) < p^{s,u)] = 1 , 
where A is the Lebesgue measure on U,. Then, for all t > s 
X{uen : pi(t,u) < p2(t,u)} = 1 . 

Proof. We just need to repeat the same proof of the Lemma [721 by considering the 
function -R/(m) = Rs{u)l{u > 0} instead of i?^. □ 

Corollary 7.5. Denote by p^ (resp. p^) the weak solution of p.ip associated to 
the initial profile constant equal to (resp. 1). Then, for < s < t, Pj(-) < pl{-) 
andp%-)<p%) a.e. 

Proof. Fix s > 0. Note that p{r, u) defined by p{r, u) = (s + r, u) is a weak 
solution of p.l[) with initial condition p^{s,u). Since p^{s,u) < 1 = p^(Q,u), by 
the previous lemma, for all r > 0, p^{r + s, u) < p^{r, u) for almost all u. □ 



We now turn to existence and uniqueness of the boundary value problem 
Recall the notation introduced in the beginning of Sectiond) Consider the following 
classical boundary-eigenvalue problem for the Laplacian: 

- -^U = aU, 
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By the Sturm-Liouville theorem (cf. [T^, Subsection 9.12.3), problem ()7.1|) has 
a countable system : n > 1} of eigensolutions which contains all possible 

eigenvalues. The set {[/„ : n > 1} of eigenfunctions forms a complete orthonormal 
system in the Hilbert space L^(J7), each [/„ belong to HQ(fl), all the eigenvalues 
q;„, have finite multiplicity and 

< < a2 < ■ ■ • < On < ■ • • — > oo • 

1/2 

The set {C/„/an : n > 1} is a complete orthonormal system in the Hilbert space 
i?Q(rj). Hence, a function V belongs to L^(Sl) if and only if 



V - lim y^{V,Uk)2Uk 

in In this case, 

oo 

{V,W)2 = J2{V,Uk)2{W,Uk)2 
k=l 

for all W in L'^{il). Moreover, a function V belongs to i?o(ri) if and only if 

n 

V - lim y^{V,Uk)2Uk 

in H^{Q). In this case, 

oo 

{V,W)i,2,o = ^afc(T^,C/fc)2(W^,C/fe)2 (7.2) 



fc=i 



for all W in i/oH^^)- 

Lemma 7.6. Fix two profiles p^, Pq : f2 — > [0,1]. Let p\ j — 1, 2, be the weak 
solutions of i3.1\) with initial condition p^. Then, 



/"OO 

/ \\pl-p^t\\ldt < oo 
Jo 



In particular, 

hm WpI-pUi =0 . 

t — *oo 

Proof. Fix two profiles Po, Pq ■ —> [0, 1] and let p-', j = 1, 2, be the weak solutions 
of (PTTjl with initial condition p^. Let p^(-) ^ p^{t, •). For n > 1 let : K+ ^ M 
be the function defined by 



n 

Fn{t)^Y.—\(Pt-Pt^Ukh 



Since p^,p^ are weak solutions, is time differentiable. Since AUk = —a^Uk 
and since > 0, for i > 0, 
, n 
-F,,{t) = - ^ {(pi - p? , Uk)2{v{p})-^{p't),Uk)2 

k=i (7.3) 

+ {^{pD ~ ^{pf) , Uk)2 {p] - ph Uk)2} ■ 
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Fix to > 0. Integrating ()7.3p in time, applying identity ()7.2p . and letting n "f oo, 
we get 

dt 

I to Jfl 

<^\\pI-pIM 



[ipipliu]) - ^(pUu))] [pUu) - pU^^)]du - Jim i{F„(to) - F„(r)} 

2c^ 



for all T > to. Since p}^ — pl^ belongs to L^(ri), 



dt I [p{p]{u)) - ipipliu))] [p]{u) - p1{u)\ du < oo . 
to Jn 

There exists a positive constant C2 such that, for all a, 6 e [0, 1] 
C2(&-a)' < {^ib)~^{a)){b-a) . 
On the other hand, by Schwarz inequality, for all t >to, 

\\p]-pi\\l<2\\pl-pi\\l. 

Therefore 

/ \\p\- pl\\ldt<^ . 

Jto 

and the first statement of the lemma is proved because the integral between [0, to] 
is bounded by 4<o- The second statement of the lemma follows from the first one 
and from Lemma [77^ □ 

Proposition 7.7. There exists a unique weak solution of the boundary value prob- 
lem (12:21). 



Proof. We start with existence. Let p^{t, u) (resp. p'^{t, u)) be the weak solution of 
the boundary value problem (j3.ip with initial profile constant equal to 1 (resp. 0). 
By Lemma (|7.4p . the sequence of profiles {p^{n, •) : n > 1} (resp. {p°(n, ■) : n > 1}) 
decreases (resp. increases) to a limit denoted by p'^{-) (resp. p^{ j)- In view of 
Lemma 17. 6[ p^ = p^ almost surely. Denote this profile by p and by p(t, ■) the 
solution of p.ip with initial condition p. Since /o°(t, ■) < p(-) < p^{t, •) for all t > 0, 
by Lemma [7:11 p"(t + s, •) < p{s, •) < p^{t + s, ■) a.e. for all s, t > 0. Letting t ^ 00, 
we obtain that p{s, •) — p(-) a.e. for all s. In particular, p is a solution of (|2.2p . 

Uniqueness is simpler. Assume that p^, : f2 ^ [0, 1] are two weak solution of 
(|2.2p . Then, p'{t,u) — p-'{u), j = 1, 2, are two stationary weak solutions of (|3.ip . 
By Lemma 17.61 = p^ almost surely. □ 
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